Abstract-We calculate the resistance and shot noise in the edge states of a 2D topological insulator that result from the exchange of electrons between these states and conducting puddles in the bulk of the insulator. The two limiting cases where the energy relaxation is either absent or very strong are considered. A finite time of spin relaxation in the puddles is introduced phenomenologically. Depending on this time and on the strength of coupling between the edge states and the puddles, the ratio of the shot noise to the Possonian one ranges from 0 to 1/3, which is in an agreement with the available experimental data.
I. INTRODUCTION
In this paper, we calculate the resistance of the edge states and the nonequilibrium noise in them that result from the tunnel coupling between the edge states and charge puddles in the bulk of the insulators, which is suggested by recent experimental results [1] - [3] . These puddles are believed to form because of inhomogeneous distribution of doping impurities in the adjacent layers of material [4] . We assume that they have a continuous energy spectrum and the motion of electrons in them is two-dimensional, so that the impurity scattering combined with spin-orbit coupling may result in their temperature-independent spin relaxation via the ElliottYafet [5] or Overhauser mechanism [6] , see Ref. [7] for a review [8] . Hence the presence of the puddles enables backscattering of the electrons in the edge states and results in their increased resistance along with a finite shot noise in them. We calculate the noise for the two limiting cases where the energy relaxation of electrons in the puddles is either absent or very strong. By comparing the magnitude of the shot noise with the increase in the resistance, one can judge upon the relevance of this model to real topological insulators.
II. MODEL AND GENERAL EQUATIONS
Consider a pair of helical edge states with linear dispersion ε p = |p| v connecting electron reservoirs that are kept at constant voltages ±V /2. Each of the two directions of the electron momentum is locked to a definite spin projection, which is labelled by σ = ±1. For simplicity, the interaction between the electrons in these states is neglected. The edge states are tunnel-coupled with electron or hole puddles that 978-1-5090-2760-6/17/$31.00 c 2017 IEEE are formed in the bulk of the insulator because of large-scale potential fluctuations. We also assume that these puddles are sufficiently large to have a continuous spectrum and that the electrons in the puddles are also subject to a spin relaxation because of spin-orbit processes and, in general, to the energy relaxation.
The distribution functions of electrons in the edge states f σ (x, ε, t) obey the equations
where x is the coordinate along the edge of the insulator, ε is the energy, Γ i (x) is the rate of electron tunneling from point x to the puddle i, and F iσ (ε, t) is the spin-dependent distribution function of electrons in the puddle i. As the conductance of the puddle is much higher than that of the edge states, this distribution functions is spatially uniform inside it and obeys the equation
where ν i is the density of states in puddle i, τ s is the spinrelaxation time, and the collision integral I ε accounts for the energy relaxation but conserves the number of electrons with a given spin projection in the puddle. At the zero temperature, the distribution functions of electrons in the right and left reservoirs are Fermi steps shifted by ±eV /2, where V is the applied voltage. The current carried by the edge states is given by
In a semiclassical system, the dynamics of fluctuations is conveniently described by a set of Langevin equations for the relevant distribution functions. These equations are derived by varying the kinetic equations for the corresponding average quantities and adding Langevin sources to the right-hand side [9] . The variation of Eq. (1) with respect to f σ and F iσ gives
where δJ iσ (x, ε, t) is the Langevin source related to tunneling of electrons from point x of the edge state with spin projection σ to puddle i and back. Similarly, the variation of Eq. (2) gives
where δJ iσ = −δJ i,−σ is the Langevin source related to spinflip scattering. The Langevin source related to energy relaxation is omitted here because it is inessential in the limiting cases considered below. The Langevin sources δJ iσ and δJ iσ may be treated as independent because they correspond to different scattering processes. As the scattering is assumed to be weak, it may be considered Poissonian, and the correlation functions of the Langevin sources in these equations may be written as the sums of outgoing and incoming scattering fluxes.
The spectral density of tunneling-related sources is given by the well-known expression [10] 
while the spectral density of the sources related to the spin-flip scattering in the puddles equals [11] , [12] 
The boundary conditions for the fluctuations δf σ at the ends of the edge states are
Equations (4) - (5) together with the correlation functions (6) - (7) and the boundary conditions (8) allow us to calculate the spectral density of current noise in the edge states.
III. PURELY ELASTIC SCATTERING
First consider the case where there is no inelastic scattering of electrons in the puddles. Then the collision integral in the right-hand sides of Eqs. (2) and (5) may be omitted, and the energy dependences of the distribution functions are determined solely by the boundary conditions (8) . Hence at low temperatures the distribution functions f σ and F iσ have the characteristic two-step [13] shape: they are equal to 1 at ε < −eV /2, to 0 at ε > eV /2, and to some position-dependent but energy-independent intermediate value at −eV /2 < ε < eV /2. These partially occupied states give rise to a finite shot noise that does not vanish even if the conductance is strongly suppressed by the puddles.
First consider the case of a single puddle without energy relaxation, which is described by a single spin-dependent As the coupling and the spin-flip rate increase, it decreases from e 2 /2πh to e 2 /4πh electron distribution F σ (ε) and single tunneling rate Γ(x).
Equations (1) and (2) are readily solved and the current may be expressed in terms of the effective strength of tunnel coupling
and the ratio of the spin-flip time and the dwell time of an electron in the puddle
The resulting equation is
Hence the conductance of the system varies from e 2 /2πh for a weak coupling to the puddle or slow spin relaxation in it to the minimal value of e 2 /4πh for a strong coupling and fast spin relaxation (see Fig. 1 ).
The Fano factor F = S I /2eI is given by the expression
The contour plot of F is shown in Fig. 2 . It varies from zero for φ L = 0 or infinitely large η 1 to 1/4 for strong coupling φ L and short spin-flip times η 1 = 0. Hence the maximum Fano factor corresponds to the maximum resistance of the edge states. Note that F is not an unique function of the conductance. Consider now the case where the edge states are weakly tunnel-coupled to many conducting puddles. As the distribution functions only slightly change from one puddle to another, it is possible to go to the continuum limit and assume that the number n of the puddles per unit length of the insulator edge, the density of states in the puddles ν, the coupling constant Γ(x) = i Γ i (x) and the electron distributions in the puddles are smooth functions of the coordinate x. Hence one may just omit the summation over the puddle number i and replace F iσ (ε, t) by F σ (x, ε, t) in the right-hand side of Eq. (1). Along with this, one may factor out f σ from the integral in the lefthand side of Eq. (2) so that it becomes local in space. In this case, the spin relaxation is conveniently described by the normalized spin-flip time
By introducing the effective coupling of the edge states to the puddles
the current may be presented in the form
which suggests that the conductance of the edge states tends to zero as the number of puddles increases for any finite spinflip time. If η is assumed to be constant along the edge states, the Fano factor is given by
The contour plot of Eq. (16) is shown in Fig. 3 . The Fano factor vanishes in the ballistic limit and tends to its maximum value 1/3 regardless of η if the conductance of the edge states tends to zero. This behaviour is reminiscent of multimode diffusive wires [13] , [14] . 
IV. STRONG ENERGY RELAXATION
Consider now the opposite case of strong energy relaxation in the puddles. At zero temperature, the distribution functions of electrons in the puddles have a step-like shape F iσ (ε, t) = Θ(µ iσ − ε), where µ iσ (t) is the spin-dependent chemical potential of electrons in puddle i. However despite the strong energy relaxation, the shot noise in such a system is still possible because in general µ i+ = µ i− and there is a spin imbalance in the puddles. These potentials may be obtained just by integrating the solution of Eqs. (1) and (2) for F iσ over ε.
As the coefficients in Eqs.
(1) and (2) are assumed to be energy-independent, the energy relaxation in the puddles does not affect the average current. Moreover, ρ σ (x) and µ iσ may be obtained just by integrating f σ and F iσ obtained for the elastic case over the energy. Things are different if the spectral density of noise is considered because the correlation functions (6) and (7) are bilinear functions of f σ and F iσ . Though the expressions for the spectral density of current noise in terms of the average distribution functions remain the same, the resulting values appear to be different.
In the case of a single puddle, the Fano factor is given by
The contour plot of the Fano factor is shown in Fig. 4 . It exhibits a more complicated behaviour then in the elastic case and shows two separate maxima. One of them F ≈ 0.086 corresponds to the limit of fast spin relaxation η 1 = 0 and φ L ≈ 1 and results from random tunneling between the puddle and the edge states. The other maximum is nearly of the same magnitude F ≈ 0.09 and corresponds to the limit of strong puddle -edge state coupling φ L → ∞ and moderate spin relaxation η 1 ≈ 1.6. It stems from random spin-flip scattering in the puddle. In the continuous limit, the resulting Fano factor equals
The contour plot of this equation is shown in Fig. 5 . Much like as in the case of a single puddle, the Fano factor exhibits two isolated maxima. Both of them correspond to φ L = 2, i. e. to the conductance e 2 /4πh. The smaller maximum F = 1/8 is located at η = 0, and the larger maximum F = 1/4 is reached at η → ∞. Hence F varies from 0 to 1/4, but unlike in the elastic case, it vanishes in the limit of zero conductance regardless of τ s .
V. CONCLUSION
In conclusion, we have calculated the conductance and shot noise of a pair of edge states in a 2D topological insulator using a semi-phenomenological model of conducting puddles in the bulk of material that can exchange electrons with the edge states. We have considered two versions of this model. The first version involves one puddle with arbitrary coupling to the edge states, and the second version involved a continuum of puddles weakly coupled by tunneling to these states.
In the continuum limit without energy relaxation, the conductance tends to zero as the coupling and spin-relaxation rate increase, while the Fano factor increases from 0 to 1/3, as in diffusive metals. One may think that in the most realistic case of several puddles strongly coupled to the edge states, F lies somewhere between 1/4 and 1/3.
The experimental values of the Fano factor for the edge states in HgTe topological insulators [15] vary between 0.1 and 0.3, which roughly agrees with the above model of the noise. However to reliably distinguish between different versions of this model, one has to carefully correlate the Fano factor of the sample with its conductance, which has yet to be done.
